Pore Scale Simulation of Colloid Deposition by M. Ekrem Cakmak et al.
Selection of our books indexed in the Book Citation Index 
in Web of Science™ Core Collection (BKCI)
Interested in publishing with us? 
Contact book.department@intechopen.com
Numbers displayed above are based on latest data collected. 
For more information visit www.intechopen.com
Open access books available
Countries delivered to Contributors from top 500 universities
International  authors and editors




the world’s leading publisher of
Open Access books






Pore Scale Simulation of Colloid Deposition  
M. Ekrem Cakmak1, 2, Bin Gao3, John L. Nieber4, and Tammo S. Steenhuis1  
1Cornell University Ithaca, NY USA; 2Cukurova University, Adana, 
 3University of Florida, Gainesville, FL, USA; 4University of Minnesota, St. Paul, MN 
 1,3,4USA, 2Turkey 
1. Introduction 
Mobile subsurface colloids have received considerable attention because the migration of 
colloids and colloid-contaminant complexes through the solid matrix substantially increase 
the risk of groundwater pollution. Typically defined as suspended particulate matter with 
diameter less than 10μm, colloids include both organic and inorganic materials such as 
microorganisms, humic substances, clay minerals and metal oxides. Accurate prediction of 
the fate of colloids is important to predict colloid facilitated transport of pollutants, and the 
transport of biocolloids such as viruses and bacteria. 
In colloid transport studies colloid deposition, that is, the capture of colloids by grain 
surfaces, is considered as the primary mechanism controlling the transport of colloids in 
groundwater (Ryan & Elimelech; 1996). The role of electrostatic and hydrodynamic forces in 
controlling colloid deposition behavior of colloids has been afforded detailed investigation 
in the field of colloid science to gain more understanding about colloid-surface interaction 
processes. The study of deposition rates of colloids onto model collectors has provided 
substantial information on the electrostatic and hydrodynamic forces involved in the 
transport of colloids (Elimelech et al., 1995; Tien & Ramarao, 2007). Most of these studies 
have focused on colloid transport under saturated conditions (Yao et al., 1971; Rajagopalan 
& Tien, 1976; Ryan & Elimelech, 1996; Keller & Auset, 2007). However, there is not much 
information available on colloid behavior under unsaturated conditions due to the 
complexity of the conditions involved (DeNovio et al., 2004; Keller & Sirivithayapakorn, 
2004; Auset & Keller; 2004; Crist et al., 2005; Zevi et al., 2005; Keller & Auset, 2007).  
Most of the experimental and modeling studies on colloid transport under unsaturated 
conditions have focused primarily on colloid concentration in drainage water with very 
little emphasis on the precise mechanisms retaining the colloids in the pores (Corapcioglu & 
Choi, 1996; Lenhart & Saiers, 2002; DeNovio et al., 2004). 
Generally, the approaches used to simulate colloid transport can be classified into two types, 
Lagrangian or Eulerian. The Lagrangian approach focuses on the movement of distinct 
particles and tracks particle position in a moving fluid (Rajagopalan & Tien, 1976; Ryan and 
Elimelech, 1996). In contrast, the Eulerian approach considers the concentration distribution 
of particles in a porous media (Yao et al., 1971; Tufenkji & Elimelech, 2004). The Eulerian 
approach has advantages over the Lagrangian approach, in that it does not require high 
computational  performance, and it is easy to incorporate Brownian motion (Ryan and 
Elimelech, 1996; Nelson & Ginn, 2005).  
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The deposition of colloids in porous media has been investigated by several researchers to 
improve existing methods by incorporating the forces such as hydrodynamic and attractive 
forces into the governing equations (Yao et al., 1971; Rajagopalan & Tien, 1976; Tufenkji & 
Elimelech, 2004). For instance, Yao et al. (1971) developed colloid filtration theory as a 
method for predicting colloid deposition in saturated porous media. A limitation of these 
studies is that the colloid transport and deposition simulations have been performed only 
for saturated media consisting of clean and spherical solid grains (collectors). These 
limitations led us to find a method to simulate colloid transport under unsaturated 
conditions where the air phase comes into play in addition to solid grains and moving 
water. This may be partly accomplished by modifying existing methods developed for 
saturated conditions. 
The main difficulty in more complex calculations is that the simulation methods are 
cumbersome, usually slow and cannot capture the complex pore geometries that exist in 
nature. That is why an effective, reliable, user-friendly and easy to be modified simulation 
software is very important and needed in the modeling and simulation studies. 
The objective for this chapter is to illustrate a test of the suitability of a finite element based 
computational modeling and simulation software package named COMSOL Multiphysics® 
v33.a (COMSOL, Inc., Burlington, MA, USA), for simulating colloid deposition on solid 
grains and air bubbles for conditions where Brownian motion dominates.  
In the first part of the chapter we compare the COMSOL finite element solution with the 
analytical solutions of Yao et al. (1971), Rajagopalan & Tien (1976), and Tufenkji & Elimelech 
(2004) of classical filtration theory for one grain of a porous media. The second part involves 
the simulation of colloid deposition onto an inert air bubble.  
2. Colloid Filtration Theory 
In colloid filtration theory, the deposition efficiency of a porous medium is represented by 
the deposition efficiency of a unit collector, i.e. an isolated solid grain (Yao et al., 1971; Ryan 
& Elimelech, 1996; Tufenkji & Elimelech, 2004). It is assumed that the porous medium is 
represented by an assemblage of perfect spherical solid grains (collectors). According to the 
theory, the transport of suspended colloids in the pore fluid to the vicinity of a stationary 
collector (i.e. a solid grain) is typically governed by three mechanisms: interception, 
gravitational settling, and Brownian diffusion. Interception takes place when the particles 
moving along the trajectories of flow streamlines come into contact with the collector due to 
the collector’s finite size. Gravitational settling occurs when colloid particles have densities 
greater than the fluid density. These particles can then collide with a collector. The 
Brownian motion mechanism leads to diffusive migration of particles within a fluid and 
becomes significant for particles smaller than 1 μm.  
The transport of colloids is usually simulated by solving the convection-diffusion equation 
using a velocity field for the pore space between grains simulated with the Navier-Stokes 
equation for creeping flow conditions. The deposition of colloids from the fluid occurs by 
transfer of the colloids from the moving pore fluid onto the grain surface by the three 
aforementioned mechanisms. It is assumed that colloids do not accumulate on the grain 
surface, but that colloids ‘disappear’ once they are intercepted by the grain. The rate of  
overall particle deposition is found by integrating the particle flux over the collector surface. 
Within filtration theory it is also common to assume no colloid-colloid interaction, and that 
colloids do not affect the fluid flow.  
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The deposition of colloids onto a single grain has been simulated by Yao et al. (1971), 
Rajagopalan & Tien (1976) and Tufenkji & Elimelech (2004). Yao et al. (1971) developed an 
equation to find the deposition efficiency of a unit collector by analytically solving the 
convection-diffusion equation based on the additivity assumption that allows the addition 
of the analytical solutions of each deposition mechanisms (interception, gravitational 
settling, and Brownian diffusion) independently (Nelson & Ginn, 2005). They assumed that 
the collector existed in an infinite fluid stream with no interaction from surrounding 
collectors. For the same problem, Rajagopalan and Tien (1976) used the Lagrangian 
approach, (i.e., particle trajectory analysis) with boundary conditions for the flow field 
similar to Happel (1958). These boundary conditions took into account the neighboring 
collectors as if the single (simulated) grain was located in a real porous media. Finally, 
Tufenkji and Elimelech (2004) developed a closed-form solution for calculating colloid 
deposition efficiency of a solid grain by combining the approaches of Yao et al. (1971) and 
Rajagopalan & Tien (1976).  
3. Simulation Methodology 
Since in addition to gravity effects, Brownian movement of colloids is of particular interest 
in the work presented here, the Eulerian colloid filtration theory originally developed by 
Yao et al. (1971) is chosen in our simulations. In this manuscript, the deposition of colloids 
on a single collector is simulated for the same boundary conditions as Rajagopalan and Tien 
(1976). To find the velocity field the Navier-Stokes equations are solved with the finite 
element method. The resulting velocity field is then used in the solution to the convection-
diffusion equation, with diffusion being due to Brownian motion of colloids and with 
gravitational settling included. In the next sections, the Navier-Stokes equation and the 
convection-diffusion equations are discussed both in general, and specifically how they are 
used in our simulations. 
3.1 Navier-Stokes Equation 
The Navier-Stokes equations are employed to represent steady state creeping 
incompressible flow conditions , i.e. 
 2 0 , ,i w i
p
v g i x y z
i
µ ρ∂− + ⋅∇ + = =
∂
 (1) 
 0ν∇ ⋅ =  (2) 
where p is the pressure (Pa), Ǎ is the dynamic viscosity of the water (Pa.s), ǎx, ǎy, ǎz are the 
vector components for the velocity (
x y zi j kν ν ν ν= + +
ff f
) of the water (m/s),  ǒw is the 
density of the water (kg/m3), and gx, gy, gz are the vector components for the gravitational 
acceleration (9.81 m/s2).  Equation (1) is valid for Reynolds number much less than one. The  








=  (3) 
where d is the diameter of the collector (m). 
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In a porous medium, fluid flow around a spherical collector is affected by the presence of 
other collectors around it. Therefore, a proper flow model for porous media is needed to 
reflect the disturbance of the flow field around the individual collectors. Among the various 
theoretical models Happel’s fluid shell model is the most commonly used model (Elimelech, 
1994; Tien & Ramarao, 2007). Though the effect of neighboring collectors on fluid flow 
around the isolated unit collector is neglected in the original colloid filtration theory (Yao et 
al., 1971), it is considered in this chapter by adopting Happel’s model.  
In Happel’s model, the porous medium is constructed of identical spherical collectors, each 
of which is in a fluid shell (Fig. 1).  In order to maintain the overall porosity of the porous 
medium for a single collector, the thickness of the shell, b, is defined as 
 b = d (1 - ε) -1/3 (4) 
where ε is the porosity of the porous medium. 
 
Figure 1. Schematic representation of a unit collector, and Happel’s fluid shell 
The boundary conditions used in our simulations in the solution of the Navier-Stokes 
equations can be summarized as follows. The surface of the fluid shell is specified as a 
symmetry boundary to take the effect of neighboring collectors on fluid flow into account. 
The symmetry boundary means that the velocity of the water normal to the boundary is 
zero at that boundary, and that the tangential component of the viscous force vanishes. A 
no-slip boundary condition is specified at the surface of the solid grain where the water 
velocity equals zero (Spielman, 1977; Tien & Ramarao, 2007). Later we will consider the 
simulations for flow around a single air bubble, and for that case the surface of the bubble is 
specified to be a slip boundary (Nguyen & Jameson, 2005; Shew & Pinton, 2006). 
3.2 Convection-Diffusion Equation 
Once the velocity field is determined, the distribution of colloids within the pore space of a 
porous medium can be found by solving the convection-diffusion equation for steady state 
conditions (Yao et al., 1971). The convection-diffusion equation is given by 
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where C is the concentration of the colloids (number of colloids/m3), D is the diffusion 
coefficient of the colloids calculated by Einstein’s equation (Equation 9) (m2/s), ǒp is the 
density of an individual colloid (kg/m3), m is the mass of the colloids (kg), and dp is the 
diameter of the colloids (m). The terms in the equation represent (left to right) the colloid 
transport processes of convection, diffusion, and gravitational settling. 
When colloids make contact with a collector surface it is assumed that they disappear into 
the collector by specifying the collector surface as being a perfect sink. This means that all 
colloids arriving at the collector surface are irreversibly captured. The condition for a perfect 
sink can be achieved by setting the concentration in the vicinity of the collector surface to 
zero, i.e., 
 C = 0 at r = (d+dp)/2 (6) 
where r represents the radius of an imaginary spherical surface displaced slightly outward 
from the surface of the collector (m) (Fig. 3.1). 
At an infinite distance from the collector center the colloid concentration is assumed to be 
equal to the free stream concentration, C0 (Yao et al., 1971; Elimelech, 1994). 
 C = C0 at r = ∞ (7) 
In previous analyses that used Happel’s model for the flow velocity field, the above 
boundary condition is specified at the surface of the fluid shell, i.e., 
 C = C0 at r = b (8) 
The diffusion coefficient in the convection-diffusion equation is calculated by Einstein’s equation 
 D=kT/3Ǒµdp (9) 
where k is the Boltzmann’s constant (1.3806503 10-23 J/K), and T is the absolute temperature 
(Kelvin). 
3.3 Deposition (Collision) Efficiency 
Solution of equations (1), (2) and (5) subject to the corresponding boundary conditions will 
yield the mass of particles entering the shell, the concentration of particles within the 
spherical shell, and the mass of particles leaving the shell. Also, the flux of particles passing 
into the ideal sink will also be determined from that solution. The solution can then be used 









η =  (10) 
where I is the total particle deposition rate onto a collector, obtained by integrating the particle 
flux over the surface of the collector, υ0 is the free stream (initial) water velocity (m/s) (Yao et 
al., 1971; Tufenkji & Elimelech, 2004). This integration can be done readily with COMSOL.  
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3.4 Numerical Solution 
A finite element based computational modeling and simulation software package, COMSOL 
Multiphysics® (COMSOL, Inc., Burlington, MA, USA), is chosen for simulating colloid 
deposition in this study due to its features that seemed to meet the above needs. This 
software is fast and reliable, allows creation of complex geometries, and the influences of 
boundary conditions can be assessed easily. 
 
Figure 2. The mesh system used in this study 
The simulations are performed, as in earlier studies (Yao et al., 1971; Rajagopalan & Tien, 
1976; Tufenkji & Elimelech, 2004), in an axisymmetric domain that provides three-
dimensional results from two-dimensional simulations (Nelson et al., 2007). 
Triangular elements are used in the mesh system (Fig. 2). The number of elements in the 
mesh system used in the simulations is determined by trial and error. The number of 
elements is increased until the results do not vary substantially. By default COMSOL 
generates mesh systems automatically. In our case with a sub-domain that has a high aspect 
ratio due to the boundary condition specified by Equation 6, better results were obtained 
when the mesh system was created in part by manual specification of mesh generation 
parameters. 
Once the mesh system was established the simulations were performed with colloid 
diameters varying from 0.05 to 2 μm, and a constant collector diameter of 0.6 mm as 
described in more detail in the next section.  
4. Simulations: Setup and Results 
4.1 Colloid Deposition on a Grain Collector 
In this section, the colloid deposition efficiency of a spherical solid grain (collector) is 
simulated numerically using COMSOL. The results are compared with three previous 
studies (Yao et al., 1971; Rajagopalan & Tien, 1976; Tufenkji & Elimelech, 2004).  
The boundary conditions for the solution of the Navier-Stokes equation are summarized in 
Table 1 and shown graphically in Fig. 3. Flow direction and gravity are both opposite to the 
direction of the y-axis. The convection-diffusion equation is solved with the same boundary 
conditions as in Yao et al. (1971) except that, the colloid concentration at the fluid shell 
surface is set to be equal to the initial concentration (Equation 8), while Yao et al.  (1971) 
assumed the concentration to be equal to the initial concentration at an infinite distance 
from the collector surface (Equation 7). 
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Inlet v0 = 9 x 10-6 m/s 
Collector Surface No-slip (v = 0 m/s) 
Outlet Pressure (0 Pa) 
Sides, Fluid Shell Symmetry 
Table 1. The boundary conditions used to solve the Navier-Stokes equation for a solid grain 
 
Figure 3. The boundary conditions for the Navier-Stokes Equation (solid grain) 
In order to compare our results with the previous studies, the parameter values used in the 
simulations were adopted from the study of Tufenkji & Elimelech (2004) (Table 2). 
Simulations were performed for colloids with diameters of 0.05, 0.10, 0.50, 0.75, 1, 1.5, and 2 
μm and a grain diameter of 0.6 mm. The most time-consuming step in our simulations was 
the trial and error generation of the mesh. Once the optimum mesh system was found, each 
simulation took an average of 37 seconds. 
Variable Value 
d Collector diameter 0.6 mm 
v0 Initial water velocity 9 x 10-6 m/s 
T Temperature 288 K 
k Boltzmann constant 1.3806503 10-23 J/K 
ε Porosity 0.39 
ǒw Density of water 1000 kg/m3 
ǒp Density of colloids 1050 kg/m3 
µ Dynamic viscosity of water 0.001 Pa.s 
Table 2. Variables used in the simulations (Tufenkji & Elimelech, 2004). 
The simulation results are given in Fig. 4 together with the results of the three other studies 
(Yao et al., 1971; Rajagopalan & Tien, 1976; Tufenkji & Elimelech, 2004). Similar to the other 
studies, colloid deposition efficiency is the greatest for the 0.05 μm colloids than decreases 
with larger colloids diameter. When colloid diameters are on the order of 1 μm colloid 
deposition increases again (Fig. 4).  
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The integration of the particle flux on the zero concentration boundary (Equation 6) reveals 
that the diffusion as well plays an important role in the increased collection efficiency 
























Figure 4. Deposition efficiency of a single collector vs. colloid size (diameter) 
(t) Rajagopalan & Tien, 1976 (◊) Tufenkji & Elimelech, 2004 (■) Yao et al., 1971 (○) Result of 
the current analysis  
A comparison of our simulated deposition efficiency with those of the other three studies is 
presented in Fig. 4. It is observed that our results agree very well with the Rajagopalan & 
Tien (1976) results. The worst comparison is with the result of Yao et al. (1971), while an 
intermediate agreement is achieved with the results of Tufenkji & Elimelech (2004). One 
reason why our results are so different from the results of Yao et al. (1971) is that they did 
not incorporate the boundary effect of neighboring collectors into their solution. Another 
possible reason for the difference is that the efficiency calculations made by Yao et al. (1971) 
were based on the additivity assumption. While this assumption simplifies the solution, it 
could be problematic as noted by Nelson & Ginn (2005). We do not yet know why our 
solution results disagree with those of Tufenkji and Elimelech (2004). 
4.2 Colloid Deposition on an Air Bubble Collector 
In this simulation of colloid deposition efficiency, the only change made was replacing the 
grain with an air bubble of the same size. For the numerical simulation this means that the 
no slip boundary becomes a slip boundary condition at the collector surface while the 
remaining parameter values and grid remain the same (Table 3 and Fig. 5). The slip 
boundary has been used before for rising air bubbles in fluids by Nguyen & Jameson (2005) 
and Shew & Pinton (2006). 
Boundary Condition 
Inlet v0 = 9 x 10-6 m/s 
Collector Surface Slip (v ≠ 0 m/s) 
Outlet  Pressure (0 Pa)  
Sides, Fluid Shell Symmetry 
Table 3. The boundary conditions used to solve the Navier-Stokes equation for air bubble 
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Figure 5. The boundary conditions for the Navier-Stokes Equation (air bubble) 
The results of the simulation with the air bubble collector are compared to those for the solid 
particle in Fig. 6. It is observed that the deposition efficiency of the air bubble is 
approximately twice that of the solid grain. The effects of the no-slip and slip boundaries on 
the water flow velocities are illustrated in Fig. 7. The water velocity around the air bubble is 
greater than the water velocity around the solid grain because under laminar flow 

























Figure 6. Deposition efficiency of the collectors vs. colloid size (diameter) (■) Air Bubble (○) 
Solid Grain 
The differences between the two cases are due to the relative fraction of colloids that come 
into the vicinity of the diffusion boundary. Regions of high velocity will transport a larger 
fraction of colloids in contrast to regions of low velocity. For the case of the bubble, the slip 
boundary results in high water velocity near the diffusion boundary and therefore a 
relatively high fraction of colloids will be transported in the vicinity of that boundary, 
resulting in higher concentration gradients at the diffusion boundary. For the case of the 
solid particle, the no-slip boundary results in a lower velocity near the diffusion boundary  
and therefore a relatively lower fraction of colloids will be transported in the vicinity of the 
diffusion boundary, resulting in lower concentration gradients at that boundary. That the 
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difference between the two cases decreases as the particle size increases can be explained by 
fact that as the colloid diffusion decreases (with increasing diameter) the differences in 
transport across the diffusion boundary will also decrease. As the diffusion becomes 
vanishingly small, the colloid concentrations at the diffusion boundary will be identical for 
the two cases, exactly equal to the initial concentration, C0. 
While various surface forces (capillary, DLVO, electrostratic, etc.) were not considered in our 
analysis, the differences in flow velocity near the collector surface between the solid collector 
and the air bubble are expected to have significant influence on the predicted efficiency of 
colloid deposition when such forces are incorporated into the governing transport equations 
(Wan & Tokunaga, 2002; Zevi et al., 2005; Elimelech et al., 1995; Tien & Ramarao, 2007). 
 
Figure 7. Velocity fields around the collectors 
5. Conclusions 
The re-examination of the colloid filtration theory revealed that it is crucial to consider the 
effect of surrounding solid grains on the flow field in order to gain more realistic results.  
The application of the colloid filtration theory on the air bubble showed that more colloids 
collided with the air bubble than with the solid grain due to high pore water velocity 
around its surface. The pore water velocity and the disturbances in the flow field have a 
substantial effect on the deposition and transport paths of the colloids. Nevertheless, in 
order to thoroughly examine the effect of pore water velocity on the dominant deposition 
mechanism, the simulations should be done with various initial water velocities. To better 
model an unsaturated porous medium, simulations with assemblages of collectors need to 
be performed. 
6. Future Work 
Our simulations of the colloid deposition in unsaturated porous media need to be extended 
to take domains composed of assemblages of collectors into account. We are interested to 
study the variables/parameters that will affect the colloid deposition.  
It is planned to construct a model porous medium consisting of solid grains and air bubbles 
in two dimensions and three dimensions. This is expected to provide more insight into the 
colloid deposition for unsaturated conditions. This is partially done and sample simulations 
are shown in Fig. 8. 
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Figure 8. Future simulations to be performed for 2-D and 3-D domains 
7. Nomenclature 
C: Concentration of the colloids (number of colloids / m3) 
C0: Initial (free stream) concentration of colloids (number of colloids / m3) 
b:  Thickness of Happel’s fluid shell (m) 
d:  Diameter of a unit collector (i.e. air bubble or solid grain) (m) 
dp:  Diameter of colloids (m) 
D:  Diffusion coefficient (m2/s) 
gi: Components of gravitational acceleration (gx, gy, gz) (9.81 m/s2) in the x, y and z 
coordinate directions 
I:  Total colloid deposition rate onto a collector 
k:  Boltzmann’s constant (J/K) 
m:  Mass of the colloids (kg) 
p:  Pressure (Pa) 
r:  The radius of an imaginary spherical surface displaced slightly outward from the 
surface of the collector (m) 
Re: Reynolds number 
T:  Absolute temperature (Kelvin) 
x y zv v i v j v k= + +
ff f
: Resultant velocity (m/s), with vx, vy and vz being velocity components in 
the x, y and z coordinate directions, respectively 
v0:  Free stream (initial) water velocity (m/s) 
ε:  Porosity of porous medium 
Ǎ:  Dynamic viscosity of water (Pa.s) 
ǒw:  Density of water (kg/m3)  
ǒp:  Density of an individual colloid (kg/m3) 
η:  The particle deposition efficiency 
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